We present performance limits of the optical code-division multiple-access (OCDMA) networks. In particular, we evaluate the information-theoretical capacity of the OCDMA transmission when single-user detection (SUD) is used by the receiver. First, we model the OCDMA transmission as a discrete memoryless channel, evaluate its capacity when binary modulation is used in the interference-limited (noiseless) case, and extend this analysis to the case when additive white Gaussian noise (AWGN) is corrupting the received signals. Next, we analyze the benefits of using nonbinary signaling for increasing the throughput of optical CDMA transmission. It turns out that up to a fourfold increase in the network throughput can be achieved with practical numbers of modulation levels in comparison to the traditionally considered binary case. Finally, we present BER simulation results for channel coded binary and M-ary OCDMA transmission systems. In particular, we apply turbo codes concatenated with ReedSolomon codes so that up to several hundred concurrent optical CDMA users can be supported at low target bit error rates. We observe that unlike conventional OCDMA systems, turbo-empowered OCDMA can allow overloading (more active users than is the length of the spreading sequences) with good bit error rate system performance.
INTRODUCTION
Optical CDMA can provide multiple attractive features for data access networks with bursty traffic, that is, flexibility of asynchronous and decentralized network operation, potential of high data throughputs, inherent data security, and potential of total bandwidth utilization by all network users (when utilizing two-dimensional spreading sequences). Ultrahigh transmission rates envisioned for all-optical networks as well as the limited availability of optical domain
This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. digital logic and signal processing have made OCDMA a challenging research area. Multiple advances and novel techniques have been developed in the past two decades to enable OCDMA technology for access networks [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] . Significant research efforts have been made in the design and performance analysis of optical CDMA spreading sequences. The main objective has been to construct new families of optical spreading codes with low cross-correlation values in order to maximize the signal-to-interference ratio and obtain good bit error rate (BER) performances. However, despite the introduction to many families of new OCDMA spreading sequences, severe multiuser interference has usually limited the maximum number of active OCDMA users to between 10 and 20 (at target BER of 10 −9 ) and this fact has placed a limit on achieving high aggregate data throughputs in OCDMA networks.
Recently, channel (error-correcting) codes have been considered as a means to reduce the effects of the multiuser interference and improve performance in OCDMA networks [19, 20, 21, 22] . It is thus of interest to know the theoretical (Shannon) capacity of an OCDMA network so that the overall system performance can be properly optimized. Channel capacity of optical communication systems has been explored for single-user transmission, for example, in [23, 24] , taking into account physical limitations of the optical transmission link. Nonetheless, different techniques and approaches have been needed and utilized so far to analyze OCDMA capacity limitations in the presence of multiple users. Authors in references [25, 26] explored fundamental limitations under specific OCDMA architectures, for example, on-off keying, specific optical receivers, and code correlation constraints in [25] . Hence, the motivation of this paper is first to determine capacity limits on binary OCDMA transmission assuming that the best possible spreading sequences, single-user receiver, and channel codes are utilized. Consequently, we study the effects of using more than two modulation levels on increasing the capacity of OCDMA transmission with single-user detection at the receiver. Finally, we use powerful channel codes, such as turbo codes concatenated with Reed-Solomon codes, to achieve up to several hundred users in OCDMA systems with a target BER of 10 −9 . This paper is organized as follows. Section 2 presents channel models for binary and M-ary OCDMA transmission when single-user detection is applied at the receiver and considers the noiseless, interference-limited transmission. Section 3 calculates the channel capacity limits on OCDMA network throughput under these assumptions and analyzes the benefit of using M-ary OCDMA modulation to improve upon the capacity of the binary systems. Furthermore, for high modulation levels, we propose a specific input distribution that satisfactorily increases the throughput of the M-ary OCDMA compared to the equiprobable signaling. In Section 4, we evaluate the impact of Gaussian (photodetector) noise on the throughput limits derived previously. Section 5 proposes and explores coded OCDMA architectures utilizing turbo codes and these are shown to significantly improve the overall system performance in OCDMA networks. Finally, concluding remarks and directions of further work are given in Section 6.
CHANNEL MODELS

General assumptions
We consider the general case of M-ary OCDMA transmission (M ≥ 2) with bit-asynchronous, chip-synchronous transmission when K users are sending information simultaneously through the network using a laser source that can be intensity modulated to one of M modulation levels (0, 1, . . . , M − 1). Each user's data are spread and encoded prior to being sent over the shared channel and the users behave in an independent (i.e., no collaboration is allowed) and symmetric manner (i.e., they all have the same probability of using a given modulated symbol in their spreading sequence). We will also assume that the receiver performs single-user detection (SUD), where we can assume without any loss of generality that the first user is the decoded user. Our capacity analysis is carried out on the chip level in a general sense, assuming that the best possible singleuser detector, spreading and error-control coding are used.
In Section 5, we will deal with specific architectures and explore their performances through simulations results.
We will start our analysis with the interference-limited (noiseless) transmission case, that is, the effects of receiver and channel noise are assumed negligible when compared to the interference of other users who are also transmitting their data over the shared multi-access channel. Under these assumptions, the OCDMA transmission can be modeled using an appropriate discrete memoryless channel.
Examples of channel models for OCDMA transmission with SUD
Consider the case of 3 users transmitting binary OCDMA chip symbols 1 and 0 over the optical channel with probabilities p 0 = q and p 1 = 1 − q, respectively. We can model such transmission using a discrete memoryless channel (DMC) shown in Figure 1 . At the output of the channel, the input signal of user 1 is corrupted by interference due to other simultaneous users of the OCDMA network. For this 3-user binary network, if user 1 transmits chip symbol 0, the receiver will receive 0 if and only if the other 2 users also transmit zero. Hence the transition probability is q 2 . Similarly, the receiver takes the value 1 if one interfering user transmits the chip symbol 1 and the other transmits 0, which occurs with probability 2q(1 − q).
As a second example, we consider the case of 2 OCDMA users with ternary modulation, with corresponding DMC representation shown in Figure 2 . At the chip level, each user can send symbols 0, 1, or 2 with probabilities p 0 , p 1 , and p 2 = (1 − p 0 − p 1 ), and the channel transition matrix is hence given by It is also interesting to note from these examples that the channel matrix depends on the input probability distribution. Consequently, the DMC representing the OCDMA system is not a constant (fixed) channel like the majority of channels considered in information theory [27] . As we will see in Section 4, this variability of the channel will lead to a difficult optimization problem of enumerating the numerical value of the capacity.
M-ary OCDMA transmission model
More generally, at the chip level, the DMC representation of a K-user M-ary modulated OCDMA transmission has as input the random variable X 1 corresponding to the information sent by the desired user and taking value on the alphabet X = {0, 1, . . . , M − 1}; and as an output the real sum
where X i for i = 1, 2, . . . , K is a sequence of independent identically distributed random variables corresponding to chip symbols transmitted by users 1, 2, . . . , K after OCDMA spreading and error-control coding. Therefore, the output alphabet is given by
The entries of the channel matrix P Y |X1 are the conditional probabilities of the output symbol, given the input symbol and can be described for all y ∈ y and x 1 ∈ X as follows:
Consequently, it can be again noticed that the channel depends on the input probability mass function for a general Kuser, M-ary OCDMA transmission with SUD. Furthermore, the output probability distribution is given by the following expression for all y ∈ y:
The values of the entries of the channel transition matrix P Y |X1 (Y = y|X 1 = x 1 ) as well as the output probabilities P Y (Y = y) can be found using generating functions. For K users sending data over an optical M-ary modulated channel, the conditional probabilities assuming that the input symbol is x 1 ∈ X are generated by the following polynomial in the symbolic variable z:
To obtain the resulting probabilities, we expand this polynomial in the form
and the conditional probabilities on the channel are given by
Similarly, the generating polynomial in the symbolic variable z for the output distribution is given by
To obtain the output probabilities, we expand the previous polynomial in the form
and the output probabilities are given by
If we consider, for instance, the case of binary modulation (M = 2) with input alphabet X = {0, 1} and the output alphabet y = {0, 1, 2, . . . , K}, the channel conditional probabilities are given by
where p 0 = q, p 1 = 1 − q and, for notational convenience, we define
Due to the symmetry of the problem, the channel matrix of conditional probabilities can be written as where
The channel output probability is consequently given by
CAPACITY EVALUATION
Information capacity of the binary OCDMA transmission with SUD
The information-theoretical (Shannon) capacity of the binary optical CDMA transmission with single-user detection at the receiver can be calculated using the channel model described in (9) . Due to the symmetrical and independent operation of the K users on the OCDMA channel, the cumulative throughput by all the K simultaneous users on the channel is limited in (information) bits per transmitted OCDMA chip by
where I 2,K (X 1 , Y ) is given by (13) below and represents overall mutual information of a K-user binary OCDMA transmission with single-user detection.
The aggregate mutual information of such a bitasynchronous binary OCDMA channel is plotted as a function of the input probability q = P(X 1 = 0) in Figure 3 for various numbers of users. When only 1 user is active in the system, without the presence of noise, the channel reduces to a perfect noiseless binary channel and the capacity is 1 bit per chip. As the number of users increases, the interference reduces the theoretical capacity limit until it reaches a steady-state value. For example, for a 50-user transmission, the aggregate capacity is 0.8374 bits per chip achieved when the input probability is q = 0.03. Note that the uniform distribution does not achieve the capacity and for the same system, it yields to a throughput limit of around 0.7288 bits per OCDMA chip.
Information capacity with nonbinary modulation
Due to the symmetrical and independent operation of the K users on the channel, the cumulative throughput for all the K users is limited by
Moreover, due to the symmetry of the channel matrix P Y |X1 in (3) (rows are cyclical shift of each other), it fol-
OCDMA transmission with single-user detection can be expressed as in (15) . Generally, the variability of the discrete memoryless channel modeling the M-ary OCDMA transmission on the input probability mass function causes a non-concavity of the mutual information I M,K (X 1 ; Y ). For example, Figure 4 shows the overall mutual information as a function of the input probability distribution and its non-concave nature in the case of ternary (M = 3) modulation and transmission by K = 10 active users. This distinguishes the M-ary multiaccess channel with single-user detection from the standard class of fixed channels where the mutual information is concave in the channel input distribution [27] , and hence finding this capacity requires global optimization tools. Indeed, the commonly used numerical algorithms for evaluating the channel capacity (e.g., the Arimoto-Blahut algorithm [28] ) do not apply in this case, since they generally assume and utilize concavity of the mutual information in the channel input distribution.
Due to the difficulty of having an exact analytical expression for the capacity of the OCDMA transmission with single-user detection, we numerically compute the capacity of the channel and these results are shown in Figure 5 for selected numbers of modulation levels. It can then be seen that the throughput of this system is maximum for a 2-user system and reaches a limiting value for increasing number of Mutual information (bits/channel use) Figure 6 : Mutual information using the proposed input probability distribution.
users. Consequently, when the number of users is sufficiently large (K ≥ 10), the aggregate throughput of the OCDMA transmission is stable, quite independent of the total number of users. This is a highly desirable feature in a network with bursty traffic, since congestion does not occur as the number of users increases. It is interesting to compare the capacity with the throughput achieved for uniformly distributed inputs. In this case, the aggregate mutual information for large enough number of users is much lower than the capacity of the channel shown in Figure 5 and is approximately
Near-capacity-achieving input distributions
Although the numerical evaluation gives a way of determining the capacity of an M-ary OCDMA network, this process can still be difficult and computational intensive, especially for many modulation levels. This is explained by the high dimensionality of the problem added to the difficulty of global optimization needed to maximize the mutual information. Hence, to allow less complex, approximate evaluation, we heuristically propose the following class of input probability distributions that satisfactorily increases the throughput of the system:
The system throughput can then be viewed as the binary channel information due to the two most used symbols, The mutual information, obtained using this proposed input probability distribution, is plotted as a function of the number of active users in Figure 6 and as a joint function of the number of users and the M-ary modulation levels in Figure 7 . For M = 2, 3, and 4 modulation levels, this mutual information is approximately equal to the actual capacity of the system (shown originally in Figure 5 ). As an example, the mutual information using this distribution for a 25-user ternary communication system is about 1.159, identical within the first 4 digits to the capacity of the system found by global optimization.
It is interesting to note that the throughput increases approximately logarithmically with the increasing number of modulation levels M as KI M,K (X, Y ) ≈ 0.36 log 2 (M − 1) + 0.83 bits per chip for M > 2 and K > 10. It may be possible to increase the throughput of the OCDMA by increasing the M-ary modulation level as desired. However, as the number of the modulation levels M increases, the information gained becomes less important. Therefore, an OCDMA system may be implemented with a suitable choice of M, creating a compromise between complexity and throughput.
IMPACT OF NOISE ON THE THROUGHPUT OF OCDMA TRANSMISSION WITH SUD
So far, we have omitted the presence of channel noise. Although this gives an upper bound on the capacity of OCDMA transmission under perfect conditions, noise should be included in the analysis to assess the robustness of such results. We will assume that the channel is corrupted by an additive white Gaussian noise (AWGN) which models the electronic (photodetector) noise which may degrade the sent information [11] . The input of the channel is still the random variable X 1 taking values on the alphabet X = {0, 1, . . . , M − 1} with the probabilities derived in the previous section. However, the channel output is now the continuous random variable Z = Y + N, where Y is the output of the noiseless channel from (2) and N is a Gaussian random variable with zero mean and variance of σ 2 .
Impact of noise on the binary OCDMA transmission
The aggregate Shannon capacity of the binary OCDMA channel with SUD has the form of (12) , but the mutual information term is modified to I AWGN 2,K (X 1 ; Z) due to the additive white Gaussian noise (AWGN) corrupting the received data and is described by (18) below. This new mutual information is plotted as a function of the input distribution and the number of active users in Figure 8 for two different values of noise variance. In Figure 9 , the overall throughput limit for a 20-user binary OCDMA transmission is shown as a function of the input probability for selected noise variances. Note that for high enough signal-to-noise ratios, the result approaches the interference-limited scenario, however for extremely low SNR (for noise variance of 0.25, the SNR is approaching zero dB), the throughput starts decreasing:
Impact of noise on the M-ary
OCDMA transmission To explore the noise resistance/sensitivity of the results computed so far, we compute the throughput limits on the OCDMA transmission in the presence of AWGN. We will use the noiseless capacity-achieving distribution in case of M = 2, 3, 4 modulation levels and the proposed nearcapacity-achieving input distributions from Section 3. (18) . Figure 10 shows the aggregate throughput limits on a 20-user OCDMA network for selected noise variances, plotted as a function of the modulation levels number. For small noise variances, the noisy throughput limits almost overlap with the noiseless system throughput limits.
The throughput limits are reduced for increasing noise power, but even in this case, the throughput increase with nonbinary modulation is satisfactory. In Figure 11 , we show the aggregate throughput limit against the noise variance and the number of users for 16-ary OCDMA modulation. It can be seen that even for high noise variance, the transmission is still reasonably robust to noise, since the throughput limit does not experience a sharp drop due to the noise. 
CODED OCDMA TRANSMISSION WITH TURBO AND REED-SOLOMON CODES
Multi-user interference usually severely limits performance of OCDMA systems without error-control coding. Systems based on optical spreading sequences only can usually support between 10 to 20 simultaneously transmitting users with bit error rates below 10 −9 (standard performance benchmark for OCDMA transmission). Alternatively, one can compare OCDMA systems using normalized spectral efficiency, that is, aggregate network throughput measured in information bits per OCDMA chip. Traditional (uncoded) OCDMA systems achieve aggregate system throughputs of about 0.03 bits per OCDMA chip, much below the predicted capacity limits. Consequently, we propose several coded OCDMA transmission schemes to increase the OCDMA throughput.
Coded binary OCDMA systems
In the proposed transmission scheme in Figure 12 data of each user are first encoded by a high-rate Reed-Solomon code and interleaved (permuted), then encoded by a turbo code and finally modulated by a user-specific binary optical spreading sequence, such as two-dimensional wavelengthtime balanced codes for differential detection (BCDD) [17] . The role of the optical spreading sequence is to match the data to the channel and to provide low cross-correlation between data sent by different users. The role of the turbo code is to achieve an intermediate bit error rate of 10 −3 to 10 −5 , while the Reed-Solomon code provides final error rate at the receiver below the desired error rate of 10 −9 . At the receiver end, optical matched filtering and consequent sampling are performed using the optical spreading sequence of the desired user. Turbo decoding followed by Reed-Solomon decoding are used to recover data from the effects of multi-user interference and channel noise.
We first present BER performance of the proposed binary OCDMA system when each user employs a (255, 239) ReedSolomon code over GF(256) [29] , a rate 1/2 (or 1/3) turbo code and a BCDD(32, 16, 0.156) wavelength-time optical spreading sequence (please see [17] for notation). The turbo code is based on the original rate 1/3 turbo coding scheme [30] which uses a 16-state recursive systematic code with generator polynomial (37, 21). The rate of 1/2 is obtained through puncturing; a packet of length of 10 000 bits is used with an s-rand interleaver of spread 40. Consequent application of the Reed-Solomon decoder decreases the overall BER below 10 −9 , as shown in Figure 13b . In terms of channel efficiency, this corresponds to an aggregate system throughput of 0.37 information bits per OCDMA chip. Figure 14 shows the BER performance when the rate 1/3 turbo code is utilized. Simulation results show that up to 700 users can be supported with a BER below 10 −9 after 8 turbo decoding iterations and RS decoding are performed. This corresponds to an aggregate throughput of 0.42 bits per OCDMA chip. In terms of transmission rate over the optical channel, if each user transmits using 32 wavelengths at OC-12 chip rate and 16-time chips per bit, the proposed scheme would achieve an effective aggregate throughput of 8.4 Gbps= (700×(1/3)×(239/255)×(1/16) ×620 Mbps).
Finally, Figure 15 shows the BER performance for the system when noise is present with σ 2 = 0.09. With rate 1/3 turbo code, spreading length of 512, more than 650 users can be supported, which corresponds to a throughput of 0.40 bits per OCDMA chip.
Coded M-ary OCDMA transmission
We considered the coded M-ary OCDMA transmission scheme shown in Figure 12 . Each user's data are first encoded by a (255, 239) Reed-Solomon code over GF(256) followed by a rate 1/3 turbo code, then modulated using a user-specific M-ary optical spreading sequence corresponding to bits 0 and 1. The M-ary OCDMA spreading sequences are onedimensional codes composed of symbols m = 0, 1, . . . , M − 1 pseudorandomly generated with probabilities chosen according to the capacity-achieving input probability distribution of (17) . For example, for ternary OCDMA transmission with 16 aggregate users, the spreading codes are generated using symbols 0,1, and 2 with probability distribution corresponding to p 1 ≈ 1/16 and p 0 ≈ p 2 ≈ 15/32. The OCDMA modulator serves as an interface between the user's data and the optical channel and the purpose of using such spreading sequences is to aim at achieving the capacity from the theoretical model of the previous sections. The optical channel is modeled by a K-user adder channel affected by AWGN channel noise. Given the channel observations on the chip level, the M-ary OCDMA demodulator uses an appropriate channel model described in Section 2 to estimate the a posteriori probabilities of chip-symbol from set {0, 1, 2, M-1} being transmitted by the desired user. Consequently, these estimates are combined using the M-ary optical spreading sequence of this user via multiplying the appropriate probabilities, thus estimating the probability of transmitted coded bits. The performance of the system is measured in terms of the bit error rate of a desired user. We simulated the bit error rates of selected turbo-and RS-coded M-ary OCDMA systems for the transmission model described in Figure 12 and for optical signal-to-noise ratio (SNR) normalized to E b /N 0 . To increase the performance of the systems, we have constrained all the users' spreading sequences to have the same energy and to be separated from one another by at least a minimum Euclidean distance corresponding to 0.85 times their constant energy. In Figures 16 and 17 , the BER is simulated using ternary and quaternary spreading sequences of length 48, respectively. It can be noticed that the transmission is overloaded in both cases with 67 and 57 active users and that the system still performs well at low SNRs. It is also interesting to note that these transmissions are particularly interference limited, since, at a certain point, an increasing SNR does not improve the performance. This occurs as the multi-user interference becomes much higher than the noise variance and causes the performance degradation. In Figures 18 and 19 , the simulated BER is plotted against the number of active OCDMA users for ternary and quaternary spreading sequences of length 128 and SNR = 10 dB. In the case of quaternary modulation, for example, up to 150 total users (after 6 turbo iterations) can be supported with almost error-free transmission. It can be noted that the system is then overloaded since we have used spreading sequences with length 128 but still performs well for 150 users. In addition, if the spreading sequences are constrained to have better cross-energy (higher minimum distance constraint), more users can be accommodated in the system with probability of error tending to zero.
It is important to note that in this part that the spreading sequences have been randomly generated and are hence not necessarily optimal. Therefore, the aggregate number of users can then be increased by using more elaborate spreading sequences. In our future work we will focus on the design of M-ary spreading sequences with better correlation properties for data recovery.
CONCLUSION
In this work, we have evaluated the channel capacity limits on optical CDMA transmission, when single-user detection is used at the receiver. We have shown that the theoretical network throughput of binary optical CDMA is limited by about 0.84 bits per OCDMA chip and that it can be improved by up to 4 times using M-level OCDMA spreading sequences. Hence, the M-ary modulation for OCDMA systems can be seen as one practical way to increase the capacity limitations of the binary optical CDMA.
In addition to the capacity calculations, we have also proposed and explored specific architectures for bitasynchronous OCDMA transmission. Using a concatenation of Berrou's turbo codes and Reed-Solomon codes, we have proposed a coded binary OCDMA system that can support several hundred active users on a multi-access network. Furthermore, we have also explored a turbo coded Mary OCDMA transmission with single-user detection. Using proposed pseudorandomly generated spreading sequences based on near-capacity-achieving distributions, the M-ary OCDMA transmission schemes achieve good BER performance and support overloading at sufficiently low SNRs. The attractiveness of the proposed scheme lies in its reasonable complexity (e.g., due to the use of single-user detection), the utmost flexibility of the OCDMA network access scheme and ability to overload the system.
Our future work will focus on improving the proposed coding scheme to close the gap to the Shannon limit. We will also further explore a coding scheme for higher Mary modulation levels and evaluate the optical CDMA system performance limits under different modes of channel noise.
